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5.3 €ont. Connecting £ and £ with the Graph of f
Topics

% First Derivative Test for Local Extrema
% Concavity
% Points of Inflection
¢ Second Derivative Test for Local Extrema
s Learning about Functions from Derivatives

Warm Up!?
Find all points of inflection of the graph of f(x) = e~ *",

Formulas to Remember

Let y = f(x) be defined on an open interval / containing c.
« fis increasing on 7 if x, < x, implies f(x;) < f(x,).

« f is decreasing on ] if x; < x, implies f(x;) > f(x,).
 If f(x) > O then f is increasing on

« If f(x) < O then f is decreasing on L

« If ' changes from negative to positive at ¢, there is a relative minimum at c.
« If f changes from positive to negative at ¢, there is a relative maximum at c.
= f is concave upwards on [ if f'is increasing on L

« f is concave downwards on / if f* is decreasing on /.

« If f” > O on[ then f is concave upwards on L.

» If f” < 0 on/then fis concave downwards on /.

* The point (¢, f(c)) is a point of inflection if the concavity changes there.




Connecting Graphs
The first and second derivatives of a function provide an enormous amount of useful information about the
shape of the graph of the function, as indicated by the properties above. An important skill to develop is that
of producing the graph of the derivative of a function, given the graph of the function. Conversely, it is
important to be able to produce the graph of a function given the graph of its derivative.

For instance, consider the graph of f below. Because f(x) > 0 on the interval (—co, @), f is increasing
on that interval. Furthermore f*(x) is decreasing near x = @, which implies that the graph of f is concave
downwards near x = d.

Example 1: Multiple Choice

1 Which statement is true about the graph of flx} for the plece

shown?
a
A f(x)is increasing -
B fix)is decreasing +
C  f{x)is concave up o |
np fixyhasa local minime T
» Fott v im0 s e, P PRSP TR I OIT L P ST T
atx=2 s ,

2 Which statement is true about the graph of f(x) for the piece

shown?
oy
A Rx)is concave up 1
B fix)isconcave down 4 pird ot
C  fix)is increasing S T
p fix) has an inflection poin:  *
. atx=2 P Lk



3 Which statement is false about the graph of f(x) over [1, 3] 7

A fix) is increasing
fix) is concave down

ﬂx) has a local maximum at ; :

f(x) has no inflection point in ~4
the interval

4  Which statement is true about the graph of f{x) for the piece
shown?

f(x) is concave down

w >

fix) is decreasing

i

f{x) has a local mammun IS S
atx =2 B
fx) basa!ccai minimur A A U R

5  Which statement is false about the graph of fx) over [1,3] 7

: :

f{x) is concave up |
B f'{x)changes signatx=2- . -t
f{x) has an inflection pe}én@
at x =2 T
f{x) has a local minimum |
atx=2 o




6 Which statement is true about the graph of fx) for the piece

shown?

atx=0

f(x) has a local maxzmum

f{x} has an inflection pos |

gl g W‘ia}r‘- R e et e T

atx=0 +

f{x) has a local
atx=0

f(x) is concave up

minimum: -

7 Which statement is false about the graph of fix) over [-2, 21 7

fix) is decreasing

f{x) has an inflection point
atx=0

flx) has no local minimum

B
C

D Rx)isincreasing

maxirnum over the ;ntervai »

Cﬂ'a

8 Which statement about the graph of f{x} is true?

at about x = -1.5,1.5

f(x) has three inﬂeatfm-pcﬁirg

at about x = ~3.1, 0, 3.1

f(x} has two inflection points

SR I

fix) has local maxima
at about x = ~1.5, 1.5

f{x) has two local minima

D ataboutx=-1.5,1.5

N
VR NE
P FF




9 Iff "(x) is as shown, which line could be fx)?

A lineA L

B lineB 42 4
¢  lineC " i ”
D lineD

Example 2: Connecting Graphs
Consider the graph of £/, the derivative of y = f(x) defined on the domain -9 < x <9.

a. For what values of x does f have a relative minimum? le- o
b. For what values of x does f have a relative maximum?
c. Determine the open intervals where the graph of f is concave downwards. Show the

analysis that leads to your conclusion.

d. Sketch the graph of f on the interval (—9,9) if f(0) = 0. Show the analysis that leads to
your conclusion.




Example 3: Multiple Choice Practice

1. Given the graph of ¥ = g(x), estimate the value of g'(2).
(ay —4 by =1 © 0 (dy 1 (e) 4

2. Atwhich point 4, B, C, D, or E on the graph of y = f(x) are both y' and y'’ positive?
{a) A (b) B ) C ) D {e) E

3. Given the graph of h'(x), which of the following statements are true about the graph of
h?
I. The graph of 4 has a point of inflection at x = 1.
11. The graph of h has a relative extremum at x = 0.
1. The graph of & has a relative extremum at x = 1,

{a) 1only (b) Il only (¢) 11T only {d) Tand Il only  (e) Iand Il only




Example 4: Free Response Practice
The graph of the function fis shown in the figure.

a.  Estimate f'(0).
b. On what open intervals is f increasing?
o On what open intervals is f concave downwards?

d. What are the critical numbers of f?

e.  Sketch the graph of f".




AP Practice 2005 AP FRQ #4

6. Letf bea function that is continuous on the interval [0, 4]. The function f is twice differentiable exceptatx =2,
The function 7 and its derivatives have the properties indicated in the table above, where DNE indicates that the

derivatives of f donotexistatxy =2.

o To=a<i 1 1<x<2]7 2 12<x<3] 3 |3<x<d
f{x} | <1 | Negative | 0 | Positive | 2 | Positive | 0 | Negative
/ *{.x)_ | 4 | Positive | 0 1 Positive | DNE | Negative | -3 Negative
f'(x) | -2 | Negative | 0 | Positive | DNE | Negative | 0 | Positive
a) Describe the behavior of f(x) in each interval using the information above.
x_10=x=<l1<x<2]2<x<3[3<x<4
fx)

b} For 0 <x < 4 fi nd all vafues of X at whtch f has a mlatwe extrermum, Determine whether / has a relative

¢} Onthe axes provided, sketch the graph of a
function that has all the characteristics of f.

¥
fad




AP Practice 1989 AP FRQ AB5 x

Note: This is the graph of the derivative of £, not the graph of f,

The figure above shows the graph of f’, the derivative of a function f. The domain of fis the
set of all real numbers x such that =10 < x < 10.

a.

b.

c.

d.

For what values of x does the graph of f have a horizontal tangent?

For what values of x in the interval {-10, 10} does f have a relative maximum? Justify
your answer.

For what values of x is the graph of f concave downward?

Draw the graph of fand f'.

10



AP® CALCULUS AB
2005 SCORING GUIDELINES

Question 4
X 0 0<x«l lax<?2 | 2 2« x<3 3 dcxed
fix) -1 | Negafive Positive 2 Positive 0 Negative

f{x) 4 Positive

fUxb | -2 | Negative

Positive | DNE | Nepative ~3 Negative
Positive | DNE | Nepative 0 Pogitive

[l Rl N I R

Let f be a function that is continnoss on the interval [0, 4}, The function f i1 twice differentiable exceptat X = 2. The
fouction £ and its derivatives have the properties indicated in the table above, where DNE indicates that the denvatives of / !
donetexistat x = 2. '
() For 0 < x « 4. find all values of x at which / has a relative extremum. Determise whether / has 1 relative maximum
or a refative minimutn at each of these values. Justify your answer.
(b} On the axes provided, sketch the graph of a fonction that has all the characteristics of £,
{(Note: Use the axes provided in the pink test hooklet))

{¢) Let g be the function defined by g{x} = }: F{6) dr onthe open interval (0, 4). For

O3
0 < x < 4, find all values of x at which g has a relative extremum. Deterniine whether g has a

relative maximum or a relative nrnimum at each of these values. Justify your answver.

{dy Forthe function g defined in part (¢}, find all values of x. for 0 < X < &, 3¢ which the graph of g has a point of
inflection. Tustify your answer,

srelative extrepum at x = 2

(a} [ has a relative maximumat x = 2 because f " changes from H
1 :relative maximian with justification
i

posttive to negative at x = 2.

BE
(b '
{

2

cpomtsalx =0, 1L 2, 3
and behavior at {2, 2)
1 ; appropriate increasing/decreasing
and concavity behavior

1=a

s i ! i - X
(©) glxj=flx)=0atx=13 1 g () = f{x)
g’ changes from negative to positive at x =1 so g has arelative 3¢ 1 critienl points
minimum at x =1, g’ changes from positive to negativeat x = 3 1 - answer with pustification

0 g has a relative maximumat ¥ = 3.

(d) The graph of g has a point of inflection at ¥ = 2 because g = f 9 { 1:x=2
changes signaf x = 2. 1 : answer with justification

Copyright € 2005 by College Board. All rights reserved.
Visit apeentral collegeboard.com (for AP professiotials) and wvorcollegeboard comvapstudents (for AP students and parents).
R

11



1989 ABS
Solation

() horizontal tangent & /'{x)=0
x=-7,~1,4.8

(b) Relative maxima at v=-1, 8 because /” changes from positive to negative at

these potnts

(¢) f concave downward & f* decreasing
(-3.2),(6,10)

Example 5
Let the graph of f'{x) be given below. Find

a. The x-coordinate of each inflection point of .

A8

[ g

b. Where the graph of fis concave up and is concave down.

£

12




2013 AP® CALCULUS AB FREE-RESPONSE QUESTIONS

Arc = 8

Ciraph ot £

4, The figure shove shows the graph of F°. the dervative of 2 wice-differcnuable function J, ot the closed

regions between the graph of £ and the caxiy are labeled tn the figure, The fusction [ is defined for olf real
mumbers and satishes f{8) = 4,

{ah Fined sl values of x o the open inerval €@ 2 ¢ 8 for which the fusciion f has a local s, Justify
YT BREWET,

(b3 Dietermine the sheclute ninimum vabue of £ on the cosed mterval 0% 05 8 Justify your answer,

{3 Oy what open intervals contained in 0« &« 8t dhwe graph of 7 both concave down and increaging?
Explain voue reasoning.

idy The function 2 is defined by gle) = (f {_31‘_}-33. HABY = gy find the slope of the Bine fangent 1o the graph

of #at ¥ 3

13



2013 AP AB FRQ #4 Scoring Rubric

(8) x =6 is the only critical point at which /' changes sign from
negative to positive, Therefore, f has a local minimum at
x =6,

(b) From part (a), the absolute minirmum occurs either at ¥ = 6 or
at an endpoint.

£(0)= £8) + [} f(x) dx
= f®) - [ Sx)de=4-12=-8

foned

S(6)= f(8) + [, f1(x) de
= SO~ [ f) dr=4-7 =3
f(8) =4

The absolute minimum value of / on the closed interval [0, 8]
is -8.

{c) The graph of fis concave down and increasingon 0 <x <1
and 3 < x < 4, because ' is decreasing and positive on these

intervals,
@ g'(x) =3[/ f(x)
L 2 I78 572
g) =3O ) =3(-3] 4=73

1 ; answer with justification

1:considers x=0and x= 6
3: 4 1 :answer
1 : justification

[ 1:answer
" 1: explanation

¥{2':g’(x)
“ 11 answer

14



Exerciseé and Problems for Section 2.6
Exercises

1. For the function graphed in Figure 2.52, are the following
quantities positive or negative?

@ f(2) by f(2)

i
A\ 4
1 3 w

( Lli\?y

(=)
2. The graph of a function f(z) is shown in Figure 2.53.
On a copy of the table indicate whether f, f’, f” at each
marked point is positive, negative, or zero,

B o Poimt | F| ' | 7"

© f'(2)

Figure 2,52

S| O |

Figure 2.53

3. At which of the labeled points on the graph tn Figure 2.54
are both dy/dz and d*y/dz* positive?
£

Figure 2.54

4. The distance of a car from its nitial position £ minutes
after setting out is given by s(t) = 5t + 3 kilometers.
What are the car's velocity and acceleration at time ¢?
Give units.

Problems

14. The table gives the number of passenger cars, C = f(£),
in millions, in the US in the year .

(a) Do f'(£) and f"(t} appear to be positive or negative
during the period 1940-19807

{b) Estimate f'(I975). Using units, interpret your an-
swer in terms of passenger cars.

1970
89.3

1980
121.8

1940
27.5

1950
40.3

1960
61.7

¢ {year)
€ {cass, in miflions)

2.6 THE SECOND DERIVATIVE 93

5. Sketch the graph of a function whose first and second
dedivatives are everywhere positive.

6. Sketch the graph of a function whose first derivative is
everywhere negative and whose second derivative is pos-
itive for some z-values and negative for other T-values,

7. Skeich the graph of the height of a particle against time
if velocity is positive and acceleration is negative.

For Exercises 8-13, give the signs of the first and second
derivatives for each of the following functions.

8. 9,
f(z)
— f{=z)
1 1
z —_—t ez
1 1
16. i,
(=)
1 - — I
—_ r
! flz)

I5. An accelerating sports car goes from O mph to 60 mph
in five seconds. Tts velocity is given in the following ta-
ble, converted from miles per hour to feet per second, so
that zl! time measurements are in seconds. (Note: | mph
is 22/15 f/sec.) Find the average acceleration of the car
over each of the first two seconds.

Time, ¢ (sec) ol v {2345
Velaciry, u(£) (fsec) | 0 | 30 | 52 § 68 | 80 | 88




Drawing Graphs of Functions Worksheet

For each question, sketch a possible graph for f (x) based on the given information. Label all
zeros, critical points and inflection points. [hint: write out the sign analysis for f and f” before
drawing the graph.

1.  f(x) is continuous and differentiable at all points
f(=3)=f(5)=0
f'>0forx<—landx >4
ff<Ofor=-1<x<4
f'"<0forx<0
f">0forx>0

2. f(x) is continuous at all points
f(y=o0
f' > 0forall xexceptatx=1
f'is undefined atx=1
ff'>0forx<1
ff"<0forx>1

3. f(x) is a piece-wise function that is continuous at all points
fED=7G)=0
f' > 0forallx > 3 exceptatx = —1
f'<0Oforx>3
f'is undefined atx = —1
f'=0atx=3
f'=0forx <-1
f"<0forx >-1



AP® CALCULUS AB
2003 SCORING GUIDELINES

Question 4

Let f be a function defined on the closed interval ~3 < ¢ £ 4 with

F(0) = 3. The graph of f’, the derivative of f, consiste of one line 2
segment and a semicircle, as shown above. &% 1} .
{a) On what intervals, if any, is f increasing? Justify your answer. . \

(b} Find the z-coordinate of each point of inflection of the graph of f -3
on the open interval -3 < 2 < 4. Justify your answer.

(¢} Find an equation for the line tangent to the graph of [ at the

ﬂoint (ﬁ, 3) . Cirsphiof £

16



.
-
i

f?' ::;‘ {; f{?? _:-§ :‘g_ o w _:j .

(bl == and & = 2
§ changes from decressing o increasing at
g = 0 and Fom tecrensing to deereasing ar

# o 2

(ey fiffie -2

¥

Tangent ine s o= - + 4

The fanction fis inereasing on =8, -2 duce

5 1+ interval
t} i

pa—y
+

1 ¢ justification

1 :eguation

s e ) and 2o 2 oonly

17



Chapter 3 Multiple Choice Practice Worksheet

25. The function f{x) = x* - 4x* has

(A} one tt;laﬁvc minimum and two relative maxima
(B) one refative minimem and one relative maximum
(C)} two relative maxima and no relative minimum
(D) two relative minima and no relative maximum
(E) two relative minima and one relative maximum

26. The number of inflection points of the curve in Question 25 is
Ay 0O B) 1 () 2 o) 3 (E) 4

For Questions 42 and 43, f*(x) = x sin x—cosx for 0 < x < 4. (Calculator]

42. fhas é tocal maximum when x is approximately
(A) 09 (B) 12 (Cy 23 (D) 34 (Ey 3.7

43. fhas a point of inflection when x is approximately
(A) 09 @) 1.2 ) 23 (D) 34 (E) 37

18



Use the graph of f* on [0,5], shown below, for Questions 56 and 57.

AN

o X

4

§6. fhas alocal minimum at x =

a) © (B) 1 (C) 2 o 3 (F) 5
57, fhas a point of inflection at x =

(A) lonly (B) 2only {(C) 3only

() Zand3only {(E) none of these

It follows from &}le graph of f*, shown at the

right, that 4

{A} fisnotcontinuous atx =a

(B) fis continuous but not differentiable

atx=a

(C} fhas arelative maximum at x = & ~ '

(D) fhas a point of inflectionat x = a o

(E) none of these

¥

19




75. Givenf' as graphed, which could be the graph of {2

fJ
t P
i 2 3 .
A3 ! ®
4
N M e £
2 3 I 2 3
[(w} f ™ J © /
E 3 A ] ;
{ ¥ ¢ : o ¢ /1 > — s
' 2 3 d y v

20



Use the following graph for Questions 82-84.

2
82. At which labeled point do both % and g-;;-’ equal zero?

(A) P By @ €y R Dy 3§ Ey 7T

83. At which labeled point is % positive and %{- equal 10 zero?

(A} P B Q. (© R oy ® T
84. At which labeled point is % equal to zero and -3% negative?
A) P ®) ¢ € R @M § (® T

235.

oy

26. Answers
5. B ey g
36, D 72 B
37, A 73.. . B
39, /B! 74 b
0, D

41 A e F g
oo 15
43¢ 92}
6. B -

57. D e
L -
67. ¢ 33'-' D
62.. E 5
o o 84, K




AP Practice (HW)

1991 ABS

Let f be a function that is

......

function £ and its derivatives have the properties indicated in the wble below.

X

O<x<l|1

— x - 2_

2

Tex<d

Jits

=

- Positive

Negative

-1

Negative |

‘Undefined

Negalive

 Undefined

Positive |

Undefined

P{:&ﬁi&m :

fun 3 Bon 3 W 3 BLs
z
-~
[+

{ Negative

Undefined

Negative |

(8) Find the x-coordinate of each point at which f atiaing an absolute maximum value
or an absolute minimum value, For each x-coondinate you give, state whether f

atiaing an absolute maximum or an absolute minimum,

(b) Find the x-coordinate of each point of inflection on the graph of f. Justily your

answer,

(¢} lri the xp-plane provided below, sketch the graph of 4 function with all the given

characteristics of £

PRRTISS: ¥

22



1991 ABS
Solution

(a) Absolute maximumat x=0
Absolute minimumi at x =22

(b) Points of inflection at x =+l because the sigi of F7{(x)changes at x=1
and f is even

© .

23



AP® CALCULUS AB
2008 SCORING GUIDELINES (Form B)

Question 2
Let f be the function defined for x 2 0 with f(0) = 5 and /', the !
first derivative of f, givenby f"(x) = o) &in( xz). The graph
of ¥ = f(x) is shown above,

{a) Use the graph of f” to determine whether the graph of /' is

coneave up, concave down, or neither on the interval
1.7 « x < 1.9, Explain your reasoning.

(b On the interval 0 £ x 5 3, find the value of x at which / has
an absolute maximum, Justify your answer,

(c) 'Write an equation for the line tangent to the graph of fat x = 2.

Ciraph of 17

24




(a)

(b)

On the interval 1.7 < x < 1.9, f” is decreasing and
thus f is concave down on this interval.

F{x)=0 when x =0, N T INE 5 S

On [0, 3] f changes from positive to negafive
only at ¥77. The absolute maximum nwst occur at
x =7 oratan endpoint.

f(oy=5
FNT )= flo)+ jf F{x) dx = 567911

£3) = (0)+ [ £/03) d = 557893

This shows that f has an absolute maximuni at x = J7.

W]

D answer
L reason

- identifies ¥ and 3 as candidates

- -
indicates that the graph of f
increases, decreases, then increases

Sjustifies f(NZ) > £(3)

. Apswer

25



Applications of Derivatives Multiple Choice Worksheet
12, Which staicient best describes fat x = 57 ' o, s.‘

(A) fhasamot.  (B) fisameximum’ (€ fisaminimom.
D). fhas a point of inflection. (B) ‘nmaftw e

13. The function is concave gownward For which interval?

@ 0H B @) (© 6D
Dy @#n gE’j none of these

mmﬁmmm fm‘Qﬂcmgiw 1824 It $MWSMW of an
Wﬁmgmm&%mjuwﬂ%;%s _ ty WW

riffece)
L Lk 4 a s N f ) ; ) .Q“:¥
i&v 1 i

4

o4

18, 'Z The object aftaing its nmxmnm speed when £ m'
| _EWG @t @2 @ 3. tEJs
. The spead of the object i incrasing during the time interval - ,4
@ ey ® e ©.uy - cm ) ® o9
;;i!.- Thmmmnm of the object is pcsaiwg:z duriap the me mwvai i
W oD ® ) © 0D O ey ® 6y
21 How many times ou 0 < 1+ 5 is the objoct’s accelecation viléfined? .. i ¢
(A). oo W) 1 «©r 2 ® 3 ® m:mn?-
| 22 During 2'< 1< 3 thé object’s dccelers on (in ffsechis 4] o
B -0 ® S5 @0 s @
23, “The object is furthest to the ag,mmnfm | ""‘
wo ®mi o ©2 i o®s
24, ‘ﬂmﬁ@w;am%mmﬁnfﬁwﬂfm@mmﬂﬂ&tﬂ@&waf
(A) m]ﬁ . (B -5 ) -3 {n} = (E) nwnf% | 26

&
%




(A} m:ﬁmwmmm&tw axima
) onc relative minimom and one rela e maximun
(C) two relative maxima and nd relative miinimem
(D}  two relative minims and no relative maximum
(B} two relative mmzm and o m!aﬁw maximum

-

26. Thg:hmnbﬂufmﬁm é@ﬂ:cmmf:mm
iﬁ) G (B] J {Cm (2o @) 3 s

8. The total gmmimr ol tocal maximem and mindmum points 0‘{ the fanction whose
derivative, for all x, is given by f{(x) = x(x 3 (x4 1Y s

rd
Ay © B} 1 (cy 2 m 3 (E) nooe of tese

4

Sﬁ. Onﬁmélwcémwwﬁ 1(3 ina.fﬂm mamum value mﬁﬂwﬁ&mﬂmﬂx)m / )
4$mx Bmsxia o FREI

R 4 “ﬂ!‘ i, ::a‘!:».bh
Ay 3 (B) ‘45 {G) l {i)} 5 (EI mmﬂm

MC Answers.

12. B 26. C
13. 28. B
18. 30. D
19.
20.
21.
22.
23.
24,
25.

mw O > OO MO QgOU



5.4 Modeling and Optimizatcion
Topics

% Examples from Mathematics
% Examples from Business & Industry
% Examples from Economics

Warm Up!

For a, use the First Derivative Test to identify the local extrema of f(x). For b, use the Second
Derivative Test to identify the local extrema of h(x).

a. fx)=x>—6x2+12x—8 b. h(x) =2x3+3x?>—-12x-3

Optimization
One of the oldest applications of Differential Calculus was to find maximum and
minimum values of functions by finding where horizontal tangent lines might occur. We

will use both algebraic and graphical methods in this section to solve “max-min”

problems in a variety of contexts, but the emphasis will be on the modeling process that
both methods have in common.




Strategy for Solving Max-Min Problems
the problem. Read the problem carefully. Identify the

information you need to solve the problem.
Develop a Mathematical of the problem. Draw pictures and label
the parts that are important to the problem. Introduce a variable to represent the
quantity to be maximized or minimized. Using that variable, write a function
whose extreme value gives the information sought.
the Function. Find the domain of the function. Determine what

values of the variable make sense in the problem.

. Identify the Points and . Find where the derivative

is zero or fails to exist.
the Mathematical Model. If unsure of the result, support or confirm

your solution with another method.
the Solution. Translate your mathematical result into the problem

setting and decide whether the result makes sense.

Equation. is what you are trying to maximize or minimize.
Equation: an equation that helps you get to I variable.

Example 1: Using the Strategy
Use the information to solve the problem

a. Find two numbers whose sum is 20 and whose product is as large as possible.

b. A rectangle is to be inscribed under one arch of the sine curve. What is the largest area
the rectangle can have, and what dimensions give that area?

29



ol Find 2 positive numbers that satisfy the given requirements: The second number is the
reciprocal of the first and the sum is a minimum.

d. | have 100 ft of fence to make a rectangular dog pen, what is the maximum area | can
construct?

Example 2: Fabricating a box
Use the information to solve

a. A box with a square base with no top has a surface area of 108 square feet. Find the
dimensions that will maximize the volume. [Be sure to use calculus]
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b. An open-top box is to be made by cutting congruent squares of side length x from the
corners of a 20- by 25-inch sheet of tin and bending up the sides. How large should the
squares be to make the box hold as much as possible? What is the resulting maximum
volume?

e i A St Mgl A S P s

+J
-

N —— O e et — — —— — ot

o, 25“ —

Example 3: Graphical Example
Use the information to solve

a. What points on the graph ¥ = 4 — x? are the closest to the point (0, 2)?
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'Optimization Worksheet
1.

' Calculator Allowed) Wile E. is after Road Runner again! This time he’s got it
figured out. Sitting on his ACME rocket he hides behind a hill anxiously awaiting
the arrival that “beeping” bird. In his excitement to light the rocket he tips the rocket
up. Instead of thrusting himself parallel to the ground where he can catch the Road
Runner, he sends himself widely into the air following a path given by function
B(1)=160 <136 + 42042,
where # is the height of the rocket after £ seconds. The rocket fuel lasts for 10
seconds. At that point, Wile E. Coyote stops suddenly and falls straight down to the
ground.

a) What is the domain of this function?

b) What is the highest point reached by Wile E. Coyote? [Use Calculus!]

2. Find two positive numbers such that the product is 192 and the sum is a minimum,
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3.
[No Calculator] A rectangle has its base on the x-axis and ifs upper two vertices on the parabola y =12 x*,

a) Draw a sketch the rectangle inscribed under the parabola.

b) Write a formmla for the area of the inscribed rectangle as a function of x. What is the domain of this function?

¢) What is the Jargest area the rectangle can have, and what are its dimensions?

4. [Calculator] The Profit 2 in dollars made by a fast food restavrant selling x hamburgers is given by

2
ez D A% e 5000, 0 2 x < 35000,
P 30000 y 0%x 53

a) Find the intervals on which P is increasing or decreasing, [Use Calculus!]

b} Find the maximum profit.
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5.

6.

A 216 — m? pea patch is to be enclosed by a fence and divided into two equal parts by
another fence parallel to one of the sides. What dimensions for the outer rectangle will
require the smallest total length of fence? How much fence will be needed?

Find the length and width of a rectangle that has a perimeter of 64 feet and a maximum
area.
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7.

8.

Suppose you want to build a rectangular pen for your dog using a garage wall on one
side and a fence on the other three sides. If you have 40 feet of fencing available, what
should be the dimensions of the pen to yield the largest possible area?

A rectangular package to be sent by UPS can have a maximum combined length and
girth of 300cm. Find the dimensions of the package of maximum volume that can be
sent [Assume that the cross section is a square.

o “ R, Ciigth = distanee around here

e

- ra-:.‘%m
. - : T,
Tl .
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S.

10.

A rectangle is to be inscribed under one arch of the cosine curve from [*%E] What is
the largest area the rectangle can have and what dimensions give that area?

A rectangle is bounded by the x-axis and the semicircle y = V25 — x?. What length and
width should the rectangle have so that its area is a maximum?
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5.3 Cont. PYA & Rectilinear Motion
Topics

% Position, Velocity, Acceleration Applications
< Rectilinear Motion

Warm Up!
Explain how the position function s(t}, the velocity function v(t), and the acceleration

function a(t) are all related.

Example 1: Using Graphs
The graph of the position function y = s(t) of a particle moving along a line is given. At
approximately what times is the particles velocity equal to zero, velocity equal to zero, and the

acceleration equal to zero?

Distance
from origin

37



Distance
from origin

Example 1: Studying Motion Along a Line

A particle is moving along the x-axis with the position function provided below. Find the
velocity and acceleration. Find the open t-intervals when the particle is moving to the left or
right. Find the velocity of the particle when the acceleration is 0. Then describe the motion of

the particle.

a. x(t) =2t3—14t*+ 22t -5
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b.

C.

x(t)=t3-3t+3

x(t) = 6 — 2t — t*
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5.3 PVA Practice

1. The graphs of three position functions are shown in the ac-
companying figure. In each cose determine the signs of the
velocity and aceeleration, then determine whether the par-
ticle is speeding up or slowing dow ' |

.
h 2. T

@ ® @
2. ‘The position function of a particle movine on a hordzontal
-x-axis isshown in Figure Ex-31 | _ .
() Is the particlc moving keft or right at time 57
{b) Is the acceleration positive or negative al ime 1,7

(c) Is the particle speeding up oc stowing down at time 47

{d) Is the particle speeding up or slowing down at time 7

For the graphs in the accompanying figuce, miatch the posi-
tion funictions with their corresponding velocity functions.

b 1

{a} , ) e

ek Y

Mmoo

oy

Figure Ex-3
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4. The accompanying figure shows tiw graph of 5 versus ¢ fw
an ant that moves along 2 narrow ventical pipe (an s-axis
with the positive direction up).

(a) When, if ever, is the amt above the mgm”?
(b) When, if ever, does the ant have velocity zero?
(¢} When, if ever, is the ant moving down the pipe?

5. The :x:mmp:myma igure shows the graph of velocity ver-
sus time for a particle moving galonga cmﬁﬁmm fine. Make
a rough sketch of the vm;ﬁw of mmd versus time and ac-

celeration versus um

P

4w (i)
iﬁ Ezﬁ““r“‘:':‘.is i 515

w o= 7 *
» B
who .,
P

Figure Ex-7
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A particle is moving along the x-axis. Its position at time t, is given by the equation:
t4' 3

_- 2
s(t)-—4 3 + 5t

What is the velocity of the particle at t = 3? Is the velocity increasing or decreasing at
this time? Explain and justify your answer.

At what values of t does the particle change direction? Explain and justify your answer.

For which values of t is the position graph concave downwards? For which values is it
concave upwards? Explain and justify your answer.

For which values of t is the particle speeding up? For which values is it slowing down?
Explain and justify your answer.
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7.

The graph of f'(x) is given below for x € [—3,3]. On which interval(s) is the function

f(x) both increasing and concave up?

(A) (-2,2)

(1) (-2,0U(0,2)
(Ch (-3,-20
(D] {=2,~ 11, 1)
%) none of these

A graph of v(t) is provided. When does the particle stop and change direction?

” [l .t -
]

(2,200 {7.20)

201

Hyl

[

- LJLM.¢;,=
o :

B e
v H

{16, L}

[ 2o
=4

¥ t
G ¥

T ¥ T T ‘1”
— 1+

Ciruph o v

Car A has positive velocity v(t) as it travels on a straight road. Wherevis a

{10, ~10)

{14, 109

. »

{18, 1)

1z |j/ T

Y}

differentiable function of t. The velocity is recorded for selected values over the time
interval 0 < t < 10 seconds, as shown in the table below. Use the data from the table
to approximate the acceleration of Car A at t = 8 seconds. [ndicate units of measure.

=

fsecy 10 2 ¢ o
v (g}?féam? 0 61 | 113

G

ETy
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10.

11.

A particle moves along the y-axis for 0 < t < 40 seconds. The velocity of the particle at
time t is given by v(t) = sin (% t) in meters/second. The particle is at positiony = 10

meters at time t = 0. Find the acceleration of the particle at time t. Is the speed of the
particle increasing, decreasing, or neither at time t = 10 seconds?

Use P(t) =t3 —t* —t

a. Find initial position and Initial motion.

b. When does the particle change direction?

c. s the velocity increasing or decreasing at t = 4?
d. When is the particle speeding up, slowing down?
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For Numbers 12-14: the position function of a particle moving along a coordinate line is given,
where s is in feet and tis in seconds. (a) Find the velocity and acceleration functions. (b) Find
the position, velocity, speed, and acceleration at time t = 1. (c) At what times is the particle
stopped? (d) When is the particle speeding up? Slowing down?

12. s)=t*—4t+2,t=20

13. s{t) = 3cos(gt),05 t<5

t

S t20
t“+4

14. s(t) =
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Chapter 5 Part 2 Review Questions

AP® CALCULUS AB
2003 SCORING GUIDELINES

Question 2

A particle moves along the s-axis so that its velocity at time (¢ is given by

2
v(l) = {1+ 1)31:1[5--].

At time 1 = 0, the particle ls al position z = L.

{a) Find the scceleration of the particle at time ¢ = 2. Is the speed of the particle increasing at ¢ = 27

Why or why not?
{b) Find all times ¢ in the open interval 0 < ¢ < 3 when the particle changes direction. Justily your
angwer,
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2003 Scoring Rubric Question 2

(a) @a(2) = v'(2) = 1.587 or 1.588 [ 1: a(2)
v(2) = -3sin(2) < 0 2.4 1: speed decreasing
Speed is decreasing since a(2) > 0 and »(2) < 0. L with reason
Vi (. o _
(b) oft) =0 when & = , | 1 b= 2w only
2 11 justification

t == I or 2.506 or 2.507
Sinee o(f) < 0 for 0 < ¢ < V2r and o(t) > 0 for
J2r « t < 3, the particle changes directions at

= V2,
- AP®CALCULUS AB
2005 SCORING GUIDELINES
¥
Question 5 g T2 (16,210
% and ) by,
A car is traveling on a straight road, For 0 <€ 1 € 24 seconds, the car’s %fg 54
velocity (1), in meters per second, is modeled by the piecewise-linear £ & 5|
function defined by the graph above, “8 ol
R o

Tinse (secomds)

(b) For each of v'(4) and v/(20), find the value or explain why it does not
exist. Indicate units of measure,

(c) Let a(r) be the car's acceleration at time ¢ in meters per second per second. For 0 < ¢ < 24, writea
piccewise-defined function for a(f),

(d) Find the average rate of change of v over the interval 8 € ¢ £ 20, Does the Mean Value Theorem guarantee
a value of ¢, for B < ¢ < 20, such that v/{¢) is equal to this average rate of change? Why or why not?
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2005 Scoring Rubric Question 5

(b) v’( 4) does not exist because 1:v/(4) does not exist, with explanation
3 - g . ¥ !
(ﬁ(j).,w’:i(ﬁl) S20= lim (_‘:ﬁi@ﬂﬁ), 3:4 1:v(20)
‘o “,4 [-4 it 14 1 :units
Vi(20) = 55 =9 . 5 m/sec’
16 - 24

© 3 ’ff 0<t<d ' .| 1:finds the values §, 0, -2

a(t) = 0 ifd4<r<lb 2 ‘ 2

1 : identifies constants with correct intervals

~Z i 16 <t < 24
a(t) does not existat 1 = 4 and ¢ = 16.

(d) The average rate of change of v on {8, 20] is 5. { 1 : average rate of change of v on [8, 20]

w20)~-v(8) 5 2 1 : answer with explanation
RETET ST im/sec”,

No, the Mean Value Theorem does not apply to v on
[8, 20] because v is not differentiable at ¢ = 16.

1. Use the graph of f'(x) provided to answer the questions about f(x). Based on the

graph of f'(x), find where the graph of f(x) is increasing or decreasing and find the x-
values of any relative extrema.
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2. Fill in the blanks

a. When the velocity and acceleration of the particle have the same sign, the
particle’s speed is

b. When the velocity and acceleration of the particle have opposite signs, the
particle’s speed is

3. Sketch the graph of a function whose first derivative is negative or zero everywhere and
whose second derivative starts out negative but becomes positive.

4, Sketch the graph of a position of a particle vs. time if the particle’s velocity is negative
and its acceleration is positive.
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AP® CALCULUS AB
2006 SCORING GUIDELINES (Form B)

Question 6
(Séo) 0 | 15 | 25 | 30 | 35 | 50 | 60
w{t)
(7 sec) 20 | -30 | 20 | ~14 | -10 | 0 | 10
alt)
(#/sec? 1 5 | 2 1 2 | 4 | 2

A car travels on a straight track. During the time interval 0 < ¢ £ 60 seconds, the car’s velocity v, measured in
feet per second, and acceleration a, measured in feet per second per second, are continuous functions. The table
above shows selected values of these functions.

(c) For 0 <t < 60, must there be a time ¢ when (¢t} = —5 ? Justify your answer.

(d) For 0 <t < 60, must there be a time ¢ when a(f) = 0 ? Justify your answer.
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2006 Scoring Rubric Question 6 Form B

(¢) Yes, Since v(35) = —10 < =5 < 0 = y(50), the IVT 5. 1:v(35) < -5 < v(50)

guarantees a ¢ in (35, 50) so that v(¢) = -5. "1 1: Yes; refers to IVT or hypotheses
(d) Yes. Since v(0) = ¥(25), the MVT guaranteesa { in [ 1 v(0) = v(25)

(0, 25) so that a(t) = v/(1) = 0. " | 1 Yes; refers to MVT or hypotheses
Units of ft in () and fi/sec in (b) 1 : units in (&) and (b)

818 (1989BC). Consider the function f defined by f(x) = &” cos 2 with domain [0, 27].
a) Find the absolute maximum and minimum values of f(x}.
by Find intervals on which f iz increasing,

¢) Find the z-coordinate of each point of inflection of the graph of f.
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5. The graph of fis given below.

(a) For what values of x is f (x) zero? Positive? Negative?

(b) For what values of x is f ’(x) zero? Positive? Negative?

(¢) For what values of x is f ”(x) zero? Positive? Negative?

6. Find all critical values for the function on the closed interval [0, 27z]. Use the Second
Derivative to determine all relative min and relative max, Explain and justify each
answer.,

Express all x-values in radians.
f(x) =sinx + cos x
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11.

mw&w&ﬁmmamﬂa mﬁ&mngmngamm&wisg;mw

meﬂm‘gﬁptxii Eollows that..

{A) [isdiscontinwousat x= 4
(BY  fis decreasing for 4 < x <7
{C}  fisconstant for 0o x< 4

(D} - fhias 2 focal maximunm A =0
Y [has a bocp] minimem st x =7

s=f-6 4 128

.

38

The distance » is increasing for

Ay <2 B) sllrexeeple=2

M r<lori>3 (E) 12

The minimun value of the speedis

A 1 (;B) 2 {(3} 3

The acceleration is Wa:lwe

(A} wm::sz (B) focallr e

M focl<e<d  (B)

(A) 1>2 By <3
My r<lortx»2 {E)

Rwlﬁ!ﬁﬁ

speed of the partiche is decreasing Foc

{C) all ¢

none of these

(C) Y<t<3

0y 0 {E} none of these
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Tn Questions 39-41, a wﬁnlq-xﬁwm along a borizonts “Hine: and ifs position §t tme ¢ is
B+ 1204 3 f C
39. ’ﬂmp&meieuatmlwimﬁmqualm .
oW le2z B0 (© > @ 0Zw3 (B noseofthes
40. The vci@city; v, is Increasing when L |
A >t M) 12 (O r<2
(I}) t<loci>2 (B} r>0 - N

41. The sp-wj ofﬂmpamm 3 umasmg for
| S (A) O<i<lore>2 B) l<i<2 - () t<2
D) r<B o2 (E)y <0 :

Ib‘s graph for Questions 72 zmﬁ: 73 shows the velocit n objeet movi
. ocity of wn object moving aloup a
Mghi _:-_; ¢ during the time jnterval 0 E 4 ¥ A ! : ving along a

(t9isec)
e
72, For what f does this object’ attain its maximum acceleration? §
(W) 0<t<d @) 48 (© 1=5 @) =8 @ (=)
73, The object reverses ﬁwﬁmu ahre | 3
{
(A} 4 only B) 5!3’!]!}? (ﬂ'} Emﬂy !

M) Sand8 (B) noneof thess -

MC Answers: 11-E, 35-B, 36-D, 37-A, 38-E, 39-B, 40-D, 41-A, 72-B, 73-B
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Calcutus AB
Chapter 3.6 — 4.4 Review

CONCEPTS:

1. When looking for absolute extrema, whete do the possible extrema exist, and how do you find them?

2. How do you justify relative extrema?

3. How do you justify that a function is increasing or decreasing?

4, How do you justify that a function is concave up or concave down?

5. How do you justify that a function has a point of inflection?

6. Using the graph of g (x) below, determine the signs of g '(x) and g "(x) at each point. Explain your reasoning.

Atx=a ...
Atx=5h..
Atx=c...
Atx=d ...

g _(_x)

-

r

b
| ] i |
R b @ d

7. Given the graph of f' below answer each of the following questions, and justify your response with a statement that

contains the phrase “since f'

£3]

a) When is f increasing?

¢) Whenis f concave up?

¢) When does f have a relative maximum?

b) When is f decreasing?

d) When is f concave down?

g) When does f have a point of inflection?

E

Graph of f

¥

f) When does f have a relative minimum?



SKILLS:
8. [Calculator Allowed] If f(x) has an inverse, then f (/" (x))=x. Find ( f-l)' (2) if f(x)=x"+2x—1,

9. Find the value of ¢ guaranteed by the MVT for f(x)=4x" +5x on the interval [-2, 1].

10. [Calculator Allowed] Find the value of ¢ gnaranteed by the MVT for f(x)=sinx on the interval [4, 5.
[ : For those of you doing this problem algebraically, the answer is NOT ¢ =1.774 ... Why?]

11. Find the following derivatives:

a) y=sin™ (sz) b) y=tan ' (sinx) ¢) y=sec” (%)

d) y=5""¢ e) y=¢" f) y:log4(\!9x3—2)

g) y=In(7x +3) h) y=3"" ) y=en

While none of the previous derivative questions included product and quotient rules, you should be able to combine these
rules with any rules we have learned before. See your quiz from 3.8 and 3.9 for examples.



12. Suppose that functions f and g and their first derivatives have the following values at x =—1 and x = 0.

x | f(x) | glx) | £'(x) | 8'(x)
—1 0 -1 2 1
0 1 -3 ) 4

Find the first derivative of the following combinations at the given value of x.

a) f(g(x)) at x =—1 by f*(x)g’(x) atx=0
¢) g(f(x)) atx=-1 d) g(x+f(x)) atx=10
13. Find % if X¥*y+3y° =x—2 14. Find y"(x) if y = (4x+1)"

15. Suppose y=3x’ —3x. [No Calculator]

a) Find the zeros of the function.

b) Determine where y is increasing or decreasing and justify your response.

¢) Determine all local extrema and justify your response.

d) Determine the points where y is concave up or concave down, and find any points of inflection.
Justify your responses.

¢) Use all your information to sketch a graph of this function.



16. If £'(x)= " —9x+1, what docs f(») equal?

17. Suppose the acceleration of an object in terms of time is given by a (1) =5.

a) What is the velocity function if v (2) = 10?

b) Using your velocity function from part g, what is the position function if s (0) = 57

2

= x* —4x®. Justify cach response below.

18. Suppose

dx*

a) Where is y concave up?

b) Where is y concave down?

¢) Are there any inflection points on »? If so, where?

SKILLS AND CONCEPTS APPLIED

19. [Calculator Allowed] The derivative of {x) is given by 4'(x)=2cos(x —%)+1 on the interval [—2m,27].
Tustify EVERY response.

a) Where is % (x) increasing? b) Where is % (x) concave down?

¢) Find all extrema of & (x) on the interval [—27r, ZTT] .

d) Does # (x) have a point(s) of inflection? If so, where?



20. Find the maximum area of a rectangle inscribed under the curve f (x) =+16—x" .

21. [Calculator Allowed] A rectangle is inscribed under one arch of y=8cos (O.Sx) with its base on the x-axis and its
upper two vertices on the curve symmetric about the y-axis, What is the largest area the rectangle can have?

22. The function f is continuous on [0, 3] and satisfies the following:

x 0 0<x<1 1 1<x=<2 2 2<x<3 | 3
f | o Neg -2 Neg 0 Pos 3
S 3 Neg 0 Pos DNE Pos 4
"0 Pos 1 Pos DNE Pos 0

a) Find the absolute extrema of f and where they occur.

b) Find any points of inflection.

¢) Sketch a possible graph of f.

Go back and Review the questions from your assignments in this chapter ... especially those in section 4.3.

Understand your notecards!




